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Abstract
The gap ∆ = 4pifpi ≃ 1.2 GeV of spontaneous chiral symmetry
breaking is introduced as a scale delineating resonance and contin-
uum regions in the QCD spectral sum rules for vector mesons. Basic
current algebra results are easily recovered, and accurate sum rules
for the lower moments of the spectral distributions are derived. The
in-medium scaling of vector meson masses finds a straightforward in-
terpretation, at least in the narrow width limit.
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Spectral sum rules have frequently been used to connect observable in-
formation through dispersion relations with the operator product expansion
(OPE) in QCD, in the form of either SVZ sum rules [1] or finite energy sum
rules (FESR) [2, 3, 4]. Prototype examples are the sum rules for the lightest
(ρ and ω) vector mesons. The starting point is the vacuum current-current
correlation function,
Πµν(q) = i
∫
d4x eiq·x〈0|T jµ(x)jν(0)|0〉
= (gµν − qµqν
q2
)Π(q2) , (1)
where T denotes the time-ordered product and the currents are specified,
for the case of interest here, as j(ρ)µ = (u¯γµu − d¯γµd)/2 for the ρ channel
and j(ω)µ = (u¯γµu + d¯γµd)/6 for the ω channel. We work as usual with the
spectrum
R(q2) = −12pi
q2
ImΠ(q2) (2)
normalized to the ratio σ(e+e− → hadrons)/σ(e+e− → µ+µ−).
The nuclear physics interest in QCD sum rules is motivated by applica-
tions of SVZ type Borel sum rules not only in vacuum, but also in nuclear
matter in order to extract in-medium properties of vector mesons [5, 6]. The
commonly adopted procedure is to use a schematic “duality” ansatz for R,
with the vector meson resonance represented as a δ-function and a step func-
tion continuum starting at a threshold s0. The position of the resonance and
the threshold s0 are then fitted by requiring consistency with the vacuum or
in-medium OPE side of the sum rule.
The continuum threshold s0 is usually introduced as a free parameter. On
the other hand, spontaneous chiral symmetry breaking in QCD suggests that
the mass gap which separates the QCD ground state from the high energy
continuum should be expressed as some multiple of the pion decay constant,
fpi = 92.4 MeV, since this is the only remaining scale in the limit of vanishing
quark masses.
In the present paper we propose to identify this continuum threshold with
the chiral gap parameter, ∆ = 4pifpi ≃ 1.2 GeV, by setting
√
s0 = ∆ = 4pifpi , (3)
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and thereby unifying QCD sum rules with spontaneous chiral symmetry
breaking.
Starting from this assumption we shall demonstrate that QCD spectral
sum rules combined with vector meson dominance (VMD) immediately imply
well known current algebra relations, a very welcome feature. When realistic
spectral distributions are used, the transition between resonance region and
continuum is no longer sharp, but the chiral mass gap (3) is shown still to
control the smooth turnover from the hadronic part to the asymptotic QCD
domain of the spectrum for both ρ and ω channels. We also point out briefly
that our hypothesis (3) permits one to understand the in-medium results
of ref. [5] in a simple and straightforward way, using the leading density
dependence of the pion decay constant.
Our approach is based on rigorous sum rules for the lowest moments of
the spectral distribution (2). A direct access to these moment sum rules is
best given by the FESR method [2, 3, 7]. Consider the vacuum correlation
function Π(q2 = s) of Eq. (1) in the complex s-plane where it has a cut along
the positive real axis. Choose a closed loop γ consisting of a path which
surrounds and excludes the cut along Res > 0, and joins with a circle Cs0
of fixed radius s0. Cauchy’s theorem implies
∮
γ ds s
N−1Π(s) = 0 for integer
N ≥ 0. Separating this integral and using Eq. (2) gives
∫ s0
0
ds sNR(s) = −6pii
∮
Cs0
ds sN−1Π(s) = 6pisN0
∫ 2pi
0
dθeiNθΠ(s0e
iθ) . (4)
It remains to evaluate the r.h.s. integral along the circle of radius s0. For
sufficiently large s0 one can use perturbative QCD and add non-perturbative
corrections via the OPE:
Π(s) = ΠpQCD(s) +
d
12pi2
∑
n≥0
(−)n cn+1
sn
, (5)
with d = 3/2 or 1/6 for the ρ or ω channels, respectively. The parameters cn
have dimension (mass)2n, with c1 = −3(m2u +m2d) and the dimension-4 con-
densates c2 = (pi
2/3)〈(αs/pi)GµνGµν〉+4pi2〈muu¯u+mdd¯d〉 which are reason-
ably well under control. The c3 involves the (much less certain) four-quark
condensates. In practice c1 is negligibly small, and the quark condensate
piece in c2 can be dropped in comparison with the gluon condensate term.
As usual, we ignore logarithmic corrections to the condensates.
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The pQCD part of Π(s) is calculated to third order on αs using the MS
scheme [8]. The result is
ΠpQCD(s) =
d
12pi2
3∑
n=0
(
αs(µ
2)
pi
)n
Π(n)(s;µ2) (6)
at a renormalization point µ2, with Π(0) = s[K0 + ln(−s/µ2)] and Π(n) =
s[Kn +
∑n
m=1Amn ln
m(−s/µ2)] for n = 1, 2, 3. The constants Kn are irrel-
evant since they drop out in the loop integral (4). The relevant coefficients
(for Nf = 3 flavours) of the logarithmic terms are A11 = 1, A12 = 1.641,
A22 = −1.125, A13 = −10.28, A23 = −5.69, A33 = 1.69. The renormalization
point can be chosen at µ2 = s0.
Inserting Π(s0e
iθ) from Eqs. (5,6) and using ln(−eiθ) = i(θ−pi), the r.h.s.
integral of Eq. (4) is easily worked out and one arrives at the following set
of sum rules for the lowest spectral moments with N = 0, 1, 2:
∫ s0
0
ds sNR(s) = d
[
sN+10
N + 1
(1 + δN) + (−)NcN+1
]
. (7)
The perturbative QCD corrections up to O(α3s) are summarized as
δN =
αs
pi
+
(
αs
pi
)2 [
A12 − 2
N + 1
A22
]
+
(
αs
pi
)3 [
A13 − 2
N + 1
A23 +
(
6
(N + 1)2
− pi2
)
A33
]
, (8)
where αs is taken at µ
2 = s0. Note that different δN apply for the various
moments of R(s), and that condensates of different mass dimension appear
well separated in the different moments. For example, uncertain four-quark
condensates enter only at N = 2, whereas the moments with N = 0, 1 are
free of such uncertainties. It can be readily demonstrated that the results,
Eqs. (7,8), are rigorously consistent with those obtained using the Borel sum
rule method. It is also interesting to note that our deduction of the sum rules
(7) is analogous to the procedure used to extract αs from τ decays [9].
Before applying these sum rules to realistic spectral distributions, we turn
first to a schematic model for R(s) which combines vector meson dominance
(VMD) and the QCD continuum:
RV (s) = 12pi
2m
2
V
g2V
δ(s−m2V ) + continuum (V = ρ, ω) , (9)
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with gρ = gω/3 = g, the universal vector coupling constant. For convenience
we discuss the ρ meson sum rules first. We set s0 = 16pi
2f 2pi according to our
conjecture (3) and find the sum rules for the first two moments:
∫ s0
0
dsRρ(s) = 12pi
2m
2
ρ
g2
=
3
2
(4pifpi)
2(1 + δ0) +
3
2
c1 , (10)
∫ s0
0
ds sRρ(s) = 12pi
2m
4
ρ
g2
=
3
4
(4pifpi)
4(1 + δ1)− 3
2
c2 . (11)
Once the hypothesis (3) is launched, there are no free parameters in these
sum rules. Dropping the QCD corrections for the moment, the sum rule (10)
immediately gives
m2ρ = 2g
2f 2pi , (12)
the well-known KSFR relation [10], while the sum rule (11) for the first
moment further specifies
g = 2pi . (13)
The results (12,13) are quite remarkable: identifying the onset of the
continuum spectrum with the gap ∆ = 4pifpi, the scale for spontaneous chiral
symmetry breaking, a unification of QCD spectral sum rules with current
algebra emerges, yielding mV =
√
8pifpi = ∆/
√
2 in leading order (identical
relations hold for both ρ and ω meson). The condition g = 2pi is actually
consistent with the effective action of the SU(3) × SU(3) non-linear sigma
model and the Wess-Zumino term. Application of the QCD corrections moves
g to within less than 10% of the empirical gρ ≃ 5.04 deduced from the
ρ→ e+e− decay width.
Let us now turn from schematic to realistic spectral distributions. The
vector mesons have energy dependent widths from their leading decay chan-
nels ρ→ pipi and ω → 3pi, etc. Multipion (npi) channels (with n odd/even for
I = 0, 1) open up and continue toward the asymptotic pQCD spectrum. It
would then seem difficult, at first sight, to locate the gap ∆ which delineates
the resonance from the QCD continuum. Remarkably, though, the turnover
from resonance to continuum is still governed by the scale set by the chiral
gap ∆ = 4pifpi. One can simply replace the sharp edge at s0 = ∆
2 by a
smooth interpolation in the interval ∆2 − 0.6GeV2 <∼ s <∼ ∆2 + 0.6GeV2.
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Figure 1: Spectral distribution Rρ(s) in the isovector (ρ meson) channel.
Dashed line: resonant part; dot-dashed line: linear interpolation centred at
∆2 = (4pifpi)
2; solid line: sum of resonance and continuum contributions.
Experimental data: full dots from e+e− → pi+pi− [12]; triangles [13] and
diamonds [14] from total e+e− → npi with n even.
In essence, the spreadings of the resonance and the gap edge amount to
incorporating 1/Nc corrections to the zero width spectrum (9).
In practice the calculation proceeds as follows. Consider the ρmeson first.
The resonant part of the spectrum is well described using effective field the-
ory as shown in ref. [6], including ρω mixing. Guided by this approach we use
a parametrized form, given in Ref. [11], which reproduces the e+e− → pi+pi−
data (see dashed curve in Fig. 1). We let the QCD continuum start at sc = 2
GeV2 and use a linear interpolation across the interval 0.8GeV2 <∼ s <∼ sc
centered at ∆2 (dashed-dotted curve in Fig. 1). When added to the tail of
the ρ resonance this interpolation obviously works well in reproducing the
total e+e− → 2pi, 4pi, . . . data in the I = 1 channel. We now employ the sum
rules (7) with s0 = sc and check overall consistency, using αs(s0) = 0.39. For
the lowest moment with N = 0 the left-hand side gives
∫ sc
0 dsRρ(s) = 3.527
GeV2, while the right-hand side gives 3.521 GeV2. For N = 1 the l.h.s.
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Figure 2: Spectral distribution Rω(s) in the isoscalar (ω meson) channel.
Dashed curve: resonant part; solid curve: sum of resonance and continuum
contributions. Experimental data: dots [12]; diamonds and triangles [13],
from e+e− → npi with n odd.
integral gives
∫ sc
0 ds sRρ(s) = 3.27 GeV
4, while the r.h.s. using a gluon con-
densate 〈(αs/pi)G2〉 = (0.36GeV)2 yields 3.32 GeV4, so there is consistency to
better than 2%. The second moment (N = 2) involves uncertain four-quark
condensates and is more sensitive to the detailed form of the spectrum at
higher energies. Its discussion will be delegated to a forthcoming paper, but
at this point we can already conclude that the usual factorization ansatz for
the four-quark condensate assuming ground state dominance turns out not
to be justified: factorization underestimates the four-quark condensate by a
large amount. The statements about the low (N = 0, 1) spectral moments
are of course free of such uncertainties.
For the ω meson spectrum we are again guided by the effective Lagrangian
approach (Ref. [6]). The resonant part is parametrized as in Ref. [15]. (We
stay in the u, d-quark sector and therefore omit ωφ mixing). Otherwise we
follow a scheme analogous to that for the ρ meson. The QCD continuum
starts at sc = 2 GeV
2 and the same (linear) interpolation around s = ∆2 is
added to the resonance tail (dashed curve in Fig. 2) between 0.8 and 2 GeV2.
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The result (Fig. 2) compares quite well with the data in the I = 0 e+e− →
hadrons channel, though with admittedly poor statistics in the region above
the ω resonance. For the lowest spectral moment we find
∫ sc
0 dsRω(s) =
0.3917 GeV2 as compared to 0.3912 GeV2 from the r.h.s. of the N = 0
sum rule (7). The N = 1 moment gives
∫ sc
0 ds sRω(s) = 0.371 GeV
4, in
perfect agreement with the r.h.s. value 0.369 GeV4. Consistency of the second
moment requires the same four-quark condensate as observed for the ρmeson,
substantially larger than the value suggested by factorization into 〈q¯q〉2.
In summary, the degree of consistency found in this approach is quite im-
pressive, at least for the first two moments of the spectral distributions. In
particular, the crossover between ρ and ω resonance regions and the asymp-
totic continuum, although smooth, is still controlled by the chiral symmetry
breaking scale ∆ = 4pifpi.
With this observation in mind we can briefly comment on the in-medium
version of the schematic model (9), with mV replaced by density dependent
masses m∗V (ρ) (for V = ρ, ω) and the continuum onset s0 replaced by s
∗
0(ρ).
Using such a parametrization Hatsuda and Lee foundm∗V ≃ mV (1−0.16ρ/ρ0)
in their in-medium QCD sum rule analysis [5]. This result can now be given
a straightforward interpretation. The nuclear matter analogue of the sum
rules (10, 11) gives the leading behaviour m∗V (ρ) ≃
√
8pif ∗pi(ρ), where f
∗
pi is
the pion decay constant in matter related to the time-component of the axial
current. The in-medium PCAC relation f ∗2pi = (mq/m
2
pi)〈q¯q〉∗ + · · · implies
that f ∗pi scales like the square root of the quark condensate to leading chiral
order. The magnitude of this condensate at nuclear matter density ρ0 (see
[16] for a review and further references) is expected to drop by about 1/3 of
its value at ρ = 0, so m∗V (ρ0)/mV ≃ f ∗pi(ρ0)/fpi ≃ 5/6 in the zero width limit.
The same result is also found in ref. [6] and in Brown-Rho scaling [17]. The
ω meson which is predicted still to survive as a reasonably narrow state in
nuclear matter [6], should be a good indicator of the way in which the chiral
gap decreases with increasing density. The much broader ρ meson, on the
other hand, is probably not very useful for this purpose [6].
In conclusion, introducing the chiral gap ∆ = 4pifpi as a relevant scale in
QCD spectral sum rules for vector mesons establishes important connections
with current algebra and the in-medium scaling of vector meson masses.
Further work along these lines is in progress.
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